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Abstract-This paper is concerned with the linear nonlocal theory of micropolar elasticity. We have
established a work and energy theorem and a uniqueness theorem without making any definiteness
assumptions about the elastic moduli. A reciprocity theorem is also established.

I. INTRODUCTION

The nonlocal theory of micropolar elasticity is of recent origin. It was developed by Eringen
(1973, 1975, 1976). It differs from the classical theory in fundamental hypotheses. The
reference to the physical background of nonlocal theories may be found in Rogula (1982).
Recently, some theorems on the nonlocal theory ofelasticity have been established by Iesan
(1977) and Altan (1989). The aim of this paper is to study the linear nonlocal theory of
micropolar elasticity. First, we establish a work and energy theorem and a lemma repre
senting a counterpart of Brun's theorem on the classical theory as given by Gurtin (1972),
and prove a uniqueness theorem without definiteness assumption on the elastic coefficients.
Then, by following the method established recently by Iesan (1989), a reciprocity theorem
is obtained without either the use of the Laplace transform or the incorporation of the
initial conditions in the equations of motion.

2. PRELIMINARIES

For a homogeneous and isotropic nonlocal micropolar elastic solid with a configuration
n, bounded by a closed surface on, the basic equations of linear nonlocal theory of
micropolar elasticity developed by Eringen (1973, 1975) consist ofthe equations ofmotion :

(1)

(2)

the constitutive equations:

and the geometrical relations:

(5)

In the above equations (Jij is the Cauchy stress tensor, Uj is the displacement vector, p
is the mass density, eij is the microstrain tensor, -1., /1, K, IX, Pand yare nonlocal material
constants, ((Jj is the microrotation vector, Iij is the symmetric microinertia tensor, mij is the
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surface couple stress tensor, Sijk and bij are alternating symbols, and Fi and M i are, respec
tively, the body force vector and body couple vector. The notation of a Cartesian tensor is
employed and a superposed dot denotes a time derivative, a comma followed by an index
i denotes the derivative with respect to Xi' Primed variables depend on X' and t, and
dn' = dX'1 dx; dX'3'

The solution of a mixed initial-boundary value problem in the linear nonlocal theory
ofmicropolar elasticity for homogeneous, anisotropic solids is a process {Ui, !.pi} that satisfies
the basic equations (1)-(5) with the initial conditions:

Ui = ui = 0, !.pi = qJi = 0,

and the boundary conditions:

!.pi = <Pi on an 2 x [0, (0), mjin; = mi on an,; x [0, (0),

(6)

(7)

(8)

where nj is the unit outward normal to an, iii, O'i, and miare prescribed continuous functions
in the domains of their definition and

(9)

3. WORK AND ENERGY THEOREM AND UNIQUENESS THEOREM

In this section, we will state and prove a work and energy theorem which will be used
to prove the uniqueness theorem.

Let V and E be the functions on [0, CJJ) defined by

(10)

E(t) = ~ 11 [Aekkeii+ (tt+ K)e;Aj + lle/ieij] dn' dn

+ ~11 [C(l/!kkl/!il +Pl/!/il/!ij + yl/!;jl/!ul dn' dn, (II)

where for convenience, the dependence of Ix-x'j is suppressed for nonlocal material
constants and primed variables depend on x'.

Theorem 3.1 (Work and energy)
Let {Ui'!.p;} be a solution of the mixed initial-boundary value problem defined by eqns

(I )-(9) corresponding to {Fh M;}, then the work and energy theorem states that

(12)

where nj is the outward normal to the an.
Proof Multiplying both sides of eqn (I) by Ui' and integrating over n, we find that
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LPUiUi dn = LO'jijUi dn +LF;u;dn

= fan O'jiUinjdS-LO'jiujjdO+LF;ujdO.

Multiplying both sides of eqn (2) by lPh and integrating over 0, we obtain
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(13)

1hji{JjlPk dO =1mjkjlPk dn+1BkjjO'jjlPk dO+LMklPk dO

= fan mjklPknjds-1 mjk~kjdO+1BkjjO'jjlPk dO+1MklPk dn. (14)

Now from eqns (13) and (14), we find that

1pUju;dO+1Ikji{JjlPk dO = faa O'jAnjdS+ fan mjklPknjdS

-1 [UjJ - BkjjlPk]O'jjdn-l mjk~kjdO+1F;u;dn+1MklPk dn. (15)

Noting that Bkjj = Bj;k = -Bjjk and using the relation (5), the above equation (15) may be
rewritten as

L[pUjUj +hji{JjlPk] dO = fan [O'j;uj+mjklPk]njdS+L[FjUj +MklPk] dn

-1eijO'jjdn-1 mjk~kjdO. (16)

Changing index k into i in eqn (16), we get

L[pU;U; + Iiji{J;lPj] dn+LeijO'jjdn+1~ijmjjdn

=faa [O'jA+mjjlP;]njdS+L[F;uj+M;lP;] dO. (17)

Using the constitutive equations (3) and (4), we find that

LeijO'jjdO = LLeij[A.ekk<5ij+(Jl+K)e~j+JleJj] dn' dO

= LL[A.ekkeii+{Jl+K)e;Aj+JleJjeij]dn' dn, (18)

and
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1~ijmij dO = LL~jkXlf/kk(j;j + PljJ/j + yljJ;;J dO' dO

= f f [!Y.ljJ~k~Ii+PljJ/;~ij+yt/J;j~ij]dO'dO.In In (19)

Substitution from eqns (18) and (19) into eqn (17) completes the proof.
Let us define

then to establish the uniqueness theorem, we need the following lemma:

Lemma 3.1.
For any 0 ~ I < 00, we have

1 ft
V(t)-E(t) = 2Jo (L(s,2t-s)~L(2t-s,s))ds.

Proof Using the divergence theorem, eqn (20) may be written as

(20)

(21 )

L(I" t2) =1(O"j;.;(t,)U;(t 2) +m;;,j(tdcp;(t2)) dO+1(O"j;(I,)U;.;(t 2)

+ mj;(t d~ij(t2)) dO+1(F;(t l )Uj(1 2) + M;(tdcp;(t2)) dO.

Taking into account eqns (1)-(4), the above equation becomes

L(t" t2) =1(pu;(t,)Uj(t2) +1,jq);(t,)cp;(t2)) dO

+ 11 (),e~k(t l)ejj(t2) + (j.l + K)e;;(t d eij (t2) + j.le/;(t 1)eij(t2)) dO' dO

+1L(!Y.t/J~k(t d~ii(tJ + PljJ/;(t l )~ij(t2) +yt/J;j(td~ij(t2)) dO' dO.

Taking into account the homogeneous initial conditions, we find that

J: pu;(s)u;(2t - s) ds = pu;(t)u;(t) +J: pu;(s)uj(2t - s) ds (22)

ft Iijq);(s)cp;(2t-s) ds = Iijcp;(t)cp;(t) + f'IijCP;(s)q)(2t-s)ds (23)
Jo Jo
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= - LL(Aekk(t)eU(t) + (fl. +K)e;j(t)eij(t) +J.lef; (t)eij (t) ) dQ' dQ

+fLL(Mkk (s)e;;(2t-s) + (/l + K)e;j(s)eij(2t-s) +fl.ef;(s)eij(2t-s)) dQ' dO ds

= - LL(Aekk(t)eU(t) + (/l +K)e;j(t)eij(t) + /lef;(t)eij(t)) dQ' dO

+fLI (Mkk (s)e;i(2t-s) + (/l+ K)eij(s)e;/2t-s) +/leji (s)e;j(2t-s)) dO dO' ds (24)

and

fII (at/Jkk(s)~;;(2t-s)+f3t/Jj;(s)~ij(2t-s) +yt/Jij(s)~ij(2t-s)) dO' dO

= -II (at/Jkk(t)~;;(t) +f3t/Jji(t)~ij(t) +yt/J;j(t)~ij(t)) dO' dO

+fII (a~kk(s)t/Ju(2t-s)+f3~j;(s)t/Jij(2t-s) +y~;j(s)t/Jij(2t-s)) dO' dO

= -II (at/Jkk(t)~U(t) + f3t/Jji(t)~ij(t) +yt/J;j(t)~ij(t)) dO' dO

+fII (a~kk(s)t/J;;(2t-s)+f3~js)t/J;j(2t-s)+y~ij(s)t/J;/2t-s))dOdO'. (25)

Adding up eqns (22)-(25), we find that

f L(s, 2t-s) ds = 2V(t)-2E(t) +f: L(2t-s, s) ds,

which gives us the desired result.

Theorem 3.2. (Uniqueness)
Assume that p is strictly positive and Iij is positive definite. Then the mixed initial

boundary value problem defined by eqns (1)-(9) has at most one solution.

Proof It is sufficient to show that for Fi = M; = 0 and homogeneous boundary and
initial conditions, the solution is trivial. In fact, from the work and energy theorem and
lemma 3.1, we have

V(t) +E(t) = 0,

V(t) - E(t) = O.

Hence we find that V(t) = O. With the hypotheses of the theorem, we find that Uj = qJj = O.
This completes the proof.

4. RECIPROCITY THEOREM

Let w(x, t) and v(x, t) be functions defined on Q x [0, to). For 0 < t < to, the con
volution of wand v is defined by
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w*v =Lw(x,t-t)v(x,t)dt. (26)

The notation for i(x, t) = t and vex, t)

i *v = L(t-t)v(x,t)dt (27)

will also be used in this section.
Let R r := {u;, <fJ;, a;j' m;j, eij, l/J;J be the solution corresponding to the external data

system Q r := {F;, M;, iiF, tp;, a;, m~}, r = 1, 2; then we will prove thefollowing lemma and
the reciprocity theorem:

Lemma 4.1.
Fortj,t 2E[0,oo),r,sE{1,2} let

A rs (t],t 2) = r (a;(t,)z4(t 2)+m;(t,)<fJHt2»)dSJan

-1 (pu;(t,)z4(t 2)+ I ij q>';(t,)<fJj(t2») dO

+1(F;(t,)z4(t2)+M;(t,)<fJj(t2») dO,

then

Proof Using the divergence theorem, we find that eqn (28) may be written as

A rs (t],t 2) = 1(aj;,it,)+F;(t,)-puF(t,»)z4(t2) dO

+1aJ;(t,)z4)t2) dO+1mJ;(t,)l/Jjj(t2) dO

+1(m';i,j(t,)+M;(t,)-lijq>j(t,»)<fJHt 2) dO,

Using eqns (1) and (2) in the above result, we find that

A rs(t"t 2) =1aj;(t,)uj)t2)dO-1 eijka';k(t,)<fJHt2)dO+1mji(t J )l/JW2) dO

=1aj;(t,)[z4)t2) -ekji<fJk(t2)] dO+1mj;(t,)l/Jjj(t2) dO

= 1(aj;(t ,)eW2) +mji(t ,)l/Jjj(t2») d'¥'.

Using eqns (3) and (4) in eqn (30), we find that

(28)

(29)

(30)
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Ars(t" t2) = LL(kJk(t,)e,!;{t2)+ (jl+ K)e;;(t ,)etit2) + jlefl(t 1)etj(t2») dn' dn

+11 (rxI/lMt l)I/IW2)+PI/IJ;(t ,}l/rij(t2)+yl/I;J(t t)I/rW2») dn' dn

=1(1 [A.ekk(t2)bij+(jl+K)etj(t2)+!U1i(t2)Jdn)e;J(tI)dn'

+1(1 [rxl/lk(t 2)bij +Pl/rji(t2)+yt/r;it2)]dn)I/I;;(t,)dn'

=1(lT~~(t2)e;J(t,) +m~~(t2)I/I;j(t ,») dn'

Theorem 4.1. (Reciprocity)
Let R' be the solution corresponding to the external data system Q', r = 1,2, then
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fan i. [IT;' • u?+m;' * qJn dS+1i* [F;' * u?+M;' * qJn dO

= fcoi*[lTt*uil+mt*qJnds+ 1i*[Fj2*u;'+Mj2*qJ;'JdO. (31)

Proof Taking t l = t-T:, t 2 = T: in eqn (29) and integrating from 0 to t, we get

r [' 2 I 2] dS r["I 2 / ,,' 2] dnJon lTi *ui +mj * qJi - 1 PUi *Ui + ijqJj • qJi ~~

+i [F;' *ut+M;' * qJl] dO

= fan [lTt * u;' +mt· qJi] dS-1[put * u;' +/ijiPJ * qJ;'] dO

+i [Ft *U;' +Mt * qJiJ dO. (32)

Taking the convolution of eqn (32) with i, we get the desired result with the help of the
relations

and

w*v = v* w.
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